Physics 137B (Professor Shapiro) Spring 2010

GSI: Tom Griffin

Homework 2 Solutions

1. (a) The eigenvalues of J> = (S; + S3)? are j(j + 1)A* (equation 6.145 in
the text) where j is a non-negative integer or half-integer . Therefore if two
electrons (each of spin 1/2) are in a state |¢) > which is an eigenstate of J?
with eigenvalue 2h2, then:

Jju+1)=2
PP4+j—2=0
(=1 +2) =0
=7=1
Therefore:
Sy -Saly > = (J2 —8S:% —S%)/2y >

(
= (J(G+1) —si(s1+1) = s2(s2 + 1))R% /23 >
(1(2) — 1/2(3/2) — 1/2(3/2))h% /2]y >

n? [Al >

So S; - Ss has eigenvalue h2/4 for this state.

(b) The two-electron state has j=1, and so it must be a linear combination
of the states [j =1,j.=1>,|j=1,j.,=0>and [j =1,j, = —1 >.
Thus:

| >=all,1 > +6|1,0 > +v|1,-1 >

where a, 3 and 7y are complex coefficients satisfying |a|?+|8|>+|y|> = 1
and

1
11,1 >= 11> 11,0>=—(|Tl>+11>) |L,-1>=]]|>

2

B~



(equation 6.302 in the text).

Note that < J, >=< ¥|J, [t >= |a|* — |7|* and so in order to satisfy
< J, >= 0 we require |a| = |7y|. Note that we don’t require o =~ =0
to satisty < J, >= 0.

< ¢|51152x|¢ > = < WSuSzx(Oé‘la 1> +ﬁ‘17 0> +’Y|1, —1 >)
C < |SuSo(al 11> +%<| 1> 4 115) 41 11>)
= <yl 1> +%<| 115 4] 115) ] 11>)h%/4
= <¢|(all, =1 > +3[1,0 > +7|1,1 >)h*/4
= (Ya+ |8 +a™y)h?/4
Similarly,
< P|S1ySaylty > = < P[S1ySoy (1,1 > +5]1,0 > 4|1, -1 >)
< Y|SuySay(al 11> +%<| 11>+ 11>) + 9] L1>)
= <@l U D ()] 1> il 1)

V2
+y (=) 11>)h% /4
= <9|(—all,—1> +6]1,0 > —y[1,1 >)h*/4
= (—7a+ |6 —a)n?/4

< ¢|51z52z\¢ > = < w"slzs%(a’la 1> +B‘1a0 > +7‘17 —1 >)

< )1 (ol 1> +%<| 1>+ 11>) +1 1>)
= < l(a] 11> +%<—| 1> —] 115) 49 (12| 11>)R2/4

= <¢|(all,1 > —B|1,0 > +7|1,1 >)h*/4
= (laf’ = |8 + [7[*)r*/4



Therefore:
< '(MS;[ . 82‘770 > = < ZD|SMSQI|1/J >+ < w|Sly52y|¢ >+ < ¢|SlZSQZ|¢ >
= (Ya+ 8P+ oy =7 a+ |8 — o'y + |of?
—[B1* + |71*)r*/4

(1817 + la* + [41*)n* /4
= h*/4

. For an observable that doesn’t explicitly depend on time, equation 5.254 of
the text gives:

d 1
—<S>=—-<I[S,H
i ~>7 ih<[7 1>

The only term in the Hamiltonian that does not commute with S is —(S-B)
and so
[9i, H] = [Si,—¥(S - B)]
= —B;[%:, 5]
= —Bjthe;jrSk
= —yih(B x S);
vih(S x B);

Therefore

dt ik
1
= E<fyih(SxB)>
= 7v<S>xB

. The angular momentum relation J,|j, j, >= j,h|j, j, > implies that:

> = 383>
LiE> = b
e e e
L-§> = dlg-i>



These results give us the matrix representation of J, in the basis given by
1 3 _3
{|272 |272 | y 9 >7|§a_§ >}

o O
o O O

J, =

S O Ovw
O Ok O
|
N =

Similarly, the relation Ji|j, 7, >= hv/j(j + 1) — j.(j. = 1)|4,5.£1 > implies
that:

J+2,2> 0

Jy 272> = ﬁh;%
J+’%7 $> 2h|2’§
J+|%, §> - \/_h’ _%

These results give us the matrix representation of J, in the basis given by
1 3 3.1,
{|272 |272 | y T 9 >7|§a_§ >}'

0 V3 0 0
0 0 2 0
=10 0 o V3 h
0 0 0 0
From this we can find J_, J, and Jy:
0 0 0 0
o V30 0 0
Jo= ()" = 0 2 0 0 h
0 0 V30
0 v/3 0 0
Jy+J- V3 0 2 0 |n
J, = = —
2 0 2 0 V3 ]2
0 0 V3 0
0 —/3 0 0
Joodr=Jd V3 0 -2 0 il
v 0 2 0 —v3 | 2
0 0 V3 0



4. When combining a spin s; = 3/2 particle with a spin sy = 1/2 particle, the
total spin s** takes values ranging in integer steps from |s; — s3] = 1 to
$1 + s9 = 2. Symbolically, we have:

®s; = 142

N o
N |—=

Dimension of Hilbert Space: 4x2 = 345

We want to construct the states that are eigenstates of (S%!)% and S
written in terms of the states that are eigenstates of S;, amd Ss..

J=2: We begin by calculating the 5 states corresponding to j=2. Let us start

with the state |s'" = 2, ! = 2 >. The Clebsch-Gordon coefficients are
only nonzero when s! = s;, + so,. Thus the only nonzero term that
contribute to the s%" = 2 state is the one with s;, = 3/2 and so, = 1/2.
That is,

tot tot e — 3 _ 3 _1 _
|8 = 2,57 =2>=[s1 = 5,51. = 5 > |[sy = 5,50, = 5 >

N

The lowering operator S = S1— + S,_ is then applied to this state
to find the rest of the j=2 states (utilising angular momentum relation

Jilj gz >=h/5(G+1) — j.(j. £ D[4, j. £1>).

S22 > = (S1_+ Sy )]

>
M2,1> = VBHIE. 5> I35 > +hI§. 5 > |5 -5 >
21> = P> 153> H153> 4>

SU2L> = (S48 )R 5> 153 > 43155 > 1575 >)
VBhI2.0> = VBhlE—§> |53 > FRL g > 15— >
+ 808, > 15, -1 >
20> = H%-3> 153>+ 5> 131>



SN2,0 > = (Si_+ S5 )(Hl5. 3> 155>+
VBh|2,—1> = Bh|3,-5> |3

+\/L§h|ga_% > |%7 _% >
|27_1> = %|ga_%>|%7%>+73|%7_%>|%7_%>
SN2, -1> = (Si_+ S )33, -3> 31> +8)3 151 1)
2012,-2> = Zh|3,-2> 3,1 >+3n3,-3> 3, -1 >
2,-2> = |3, -2>13, -3 >

: We next calculate the 3 states corresponding to j=1. Let us start with

the state | = 1,52 = 1 >. The Clebsch-Gordon coefficients are
only nonzero when st"t = $1, + So,. Thus the only nonzero terms that
contribute to the s =1 state are the ones with s;, = 3/2, 55, = —1/2
and sy, = 1/2, s9, = 1/2. That is,

N | =
N[ —=

‘StOtzl tOt_1> Oé|— _>| __>+ﬁ|272 |

? Z

for some a and (3 satisfying |a|* +|8]* = 1.
Note that S¥|s** = 1,52 =1 >= 0. So applying the S’ operator to
the state above yields:

0=5Y1,1> = (Suy+5x)(al},5 >[5, -5 > +613,5 > 5.5 >)
al3,3 > 13,5 > +6V3[3.3 > 5.5 >
= (a+8V3)3.3> 3.5 >
Therefore 5 = —\%. Normalization then requires that
2
1= a2 + 8P = af? + |52 = &
Hence we can take o = \/73 and § = —%.
L1>=215. 3> 155> 5155 > 155>



To find the rest of the j=1 states, the lowering operator S = S;_+S,_
is then applied.

SUL1> = (Sio+ S )RR E> B-d> 343> 151>)
VEh|LO> = $h135 > 15 —5 > —hlE -3 > 13,3 >
=055 > 15 -3 >
10> = Jl 3> 14> el 4> 154>

Sﬁ)t‘lao > = (Sl— ‘I'SQ—) \/L§|%7% > |%’_% > _\/Lﬁlg’_% > |%7% >)
V2h|1,-1> = V2h|3, -1 >[5, -3 > —Bn3, -5 > |51 >
-1 > 151>
|]-7_]- > = %|%a_% > |%7_% > _\/7?:@7_% > |%7% >
Therefore, we have found all eight states:
2,2>=1[33> 111>
2152 F13 0> 13> 4413 > -4 >
2,0 >= 5513, —3 > |55 > +505.5 > 15, -5 >
|27_1 >= %‘%7_% > |%7% > +\/7§|%7_% > |%7_% >
2,-2>=13, -3> 1 1>
|171 >= Tﬂ%v% > |%a_% > _%|%7% > |%7% >
10>= 81> h-t> ik -1 > 41>
|]-7_]- >= %|%7_% > |%7_% > _\/T§|%7_% > |%7% >

5. (a) From the Clebsch-Gordon table:

11,0 > |1, -1 >= \/L§|2,—1 > +¢L§|1,—1 >

So the probability that j®! = 2 is |\/i§|2 = %



(b) From the Clebsch-Gordon table:

5.5 > I,

_ /315 1 193 1 _ 1911
0>_\/;§75>+\/_T5§7§> \/§|2’2>

5. The perturbation to the harmonic oscillator is H' = bx* = C(a + a')* where
C :=b(3)%. Using the raising and lowering operators (aln >= /njn—1 >
and af|ln >=v/n + 1jn + 1 >) we have:

(a+a")?n> = (a+a'a+ad +a*)|n >

= V(n+ DV +2)n+2>+vVnvaln > +vVn+ 1vn+ 1n >

< m|(a+a')tn >

+vnvn —1n—2>

Vin+1)(n+2)n+2>+2n+1)n > +y/nn—1)n -2 >

((a +a")?)|m >)(a + a")?|n >
Vim+1)(m+2)(n+1)(n+2)0mianiz + (2m + 1)(2n + 1),
+v/m(m 4+ Dnn — Dom_on_o +V/(m+1)(m+2)(2n + Ddmion
+V/(m+ 1)(m + 2)n(n — )82

+@2m + 1)/ (n+ 1)(n + 2)8mnte

+(2m + 1)y/n(n = )b+ v/m(m — 1)(n+1)(n +2)dm 212
+v/m(m —1)2n + 1)dp-2n

[(n+1)(n+2)+ 2n+1)* +n(n + 1)]0mn
[V(n—1Dn2n+1)+ 2n —3)v/n(n —1)]dnn-2

+v/(n—=3)(n —2)n(n — 1)8mn4

+H(@2n+5)vV(n+1)(n+2) + v/ (n+2)(n+1)(2n + 1)]0mnio
+v/(n+4)(n+3)(n+1)(n+2)0mnia

3(2n + 2n + 1)dpmn

2(2n — 1)/ (n — 1)1 s

+v/(n=3)(n—2)(n — 1)ndpmn_s

+2(2n 4 3)v/(n 4+ 1)(n + 2)0pm o

+v/(n+4)(n+3)(n+2)(n+ 1)dmnia




Therefore the first order correction to the energy of level n is:
EWY = <n|H'n >

<n|C(a+a")*n >
= 3C(2n* +2n+1)

The first order correction to the eigenstate of level n is:

< ml|H'|n >
pp = Y Sm>

m#n
B Z <m|C(a+a")n > m >
B = (n —m)hw
_ \/(n—3)(zgi)(n—1)n0’n S +2(2n_1)2,h/‘£n_1)nc‘n 9w
_2(2n+3)\/2(;7,:1)(n+2)0|n 19> — \/(n+4)(n+j%£)n+2)(n+l)0 ’n 4>
In particular, for n=3, we have:
E\" = 750 = 75b(i)2
2mw
o = ey > iy _agcyr
= DEBIL> —REEb > —GRRT >



